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Elastic constants are of fundamental importance to multi-discipline and engineering. Although the
stress-strain method is computationally expensive based on the density functional theory, it is much
easier and straightforward to implement. Especially at high pressure, it does not need complex
pressure corrections like the energy-strain method. We here report the optimized high efficiency
strain-matrix sets (OHESS) used in the stress-strain method to determine the full second-order
elastic constants of materials belonging to any crystal system in either three or two dimensional.
For the three kinds of strain matrix sets tested, we performed extensive comparison on the accuracy
and efficiency for different materials in all crystal systems. We find that our proposed OHESS has
much higher efficiency than the other two when ensuring the same level of computation accuracy.
In future, the OHESS will tremendously improve the computational efficiency of elastic constants
in either the exploration of materials’ properties or high-throughput new materials design.
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I. INTRODUCTION
Elastic constants are fundamental parameters from
which we start to understand the physical and even chem-
ical properties of crystal materials. They reflect the me-
chanical response characteristics of materials to external
forces and loads applied in different manners, and hence
provide useful information on the strength and even the
hardness of materials (See Ref.1 and references therein).
The velocities of elastic waves in materials intimately cor-
relates with elastic constants and then the systematic
acoustic properties of materials can be deduced conse-
quently. Thus, especially the elastic constants of min-
eral materials provide key information for understand-
ing the characteristics of the seismic wave when travel-
ing through Earth’s interior2. Elastic constants can also
help the analysis of materials’ thermodynamic proper-
ties, such as phonon dispersion relation, thermal expan-
sion, Debye temperature, Gru¨neisen parameter and melt-
ing temperature3. On the atomic scale, elastic constants
directly reflect the strength of chemical bonding in ma-
terials along different orientations4. Therefore, elastic
constants strongly concern physics, condensed matter,
materials science, geophysics, chemical, and even engi-
neering.
Elastic constants are traditionally measured by exper-
iment. While, till now not all materials’ elastic con-
stants are available experimentally. Fortunately, the
high-accuracy state of the art density functional theory
(DFT)5,6 has already paved the way for achieving elastic
constants reliably. At high pressure, it is especially diffi-
cult for experiment to directly measure elastic constants,
and then the DFT based elastic constants calculations are
of vital importance in both the exploration of materials’
properties and new materials design. In the computer-
aided new materials design, such as crystal structure
prediction7–12, elastic constants are frequently calculated
and utilized to check the stability of the predicted struc-
tures according to Born elastic stability criteria13–18.
Moreover, for the new materials design based on the ma-
terials informatics, elastic constants are extensively cal-
culated and collected in materials database, such as the
Materials Project (MP) database19.
Elastic constants can be calculated by either the
energy-strain or stress-strain method (See Refs.20–22 and
references therein). The former usually needs relatively
lower computation accuracy of energy but larger number
of strain sets. While, the latter depends on much higher
accuracy of stress tensors but smaller number of strain
sets20,21. In the latter method, the high accuracy of stress
tensors calculation always need higher energy cutoff and
denser K-point meshes, and thus are much more com-
putationally expensive and time-consuming. But com-
paratively it is much easier to implement according to
Hooke’s law. Especially, it is straightforward to calcu-
late high pressure/temperature elastic constants using
the stress-strain method. On the contrary, the energy-
strain method need rather complex pressure corrections
for the obtained elastic constants23.
For the stress-strain method, Yu and coauthors pro-
posed the universal linear-independent coupling strains
(ULICS) to couple all the stress components together
for extracting the complete set of elastic constants
simultaneously18. While coupling of stress components
by adding several strain components at the same time in
the ULICS will largely reduce the symmetry of strained
crystal. This will greatly lengthen the computation
time using DFT calculations. The calculations of elas-
tic constants have been implemented in several previous
work18,20–22. We here optimized the strain matrix sets
of deformations applied on any crystal system including
three-dimension (3D) and two-dimension (2D) to keep
the symmetry of crystal under deformation to the most
extent, and consequently improve the computation effi-
ciency considerably.
The rest of this paper is arranged as follows. The the-
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2ory of elastic constants calculation and the optimization
of strain matrix sets are presented in Sec. II The test
and comparison of computation accuracy and efficiency
of different strain matrix sets are detailed in Sec. III
Section IV describes our further discussions and the final
conclusions.
II. METHODOLOGY
A. Elasticity theory
The elastic properties of a material uncover the char-
acteristics of the response to external loads applied in
different manners. According to Hooke’s law, the stresses
σi in a crystal are in proportional to the corresponding
strains εj within the linear elastic regime,
σi =
6∑
j=1
Cijεj (1)
where the proportional coefficient Cij are the elastic
stiffness constants of the crystal. Equation (1) uses
the Voigt notation24 in which 1, 2, ..., and 6 represent
xx, yy, zz, yz, zx, xy, respectively. In the computational
determination of elastic constants, for the given strain
sets of a crystal the stress tensors can be calculated ei-
ther by empirical atomic potential methods or more ac-
curately by first-principles methods.
In the 3D bulk case, the strain matrix can be written
in the following form
ε =
 ε1 ε6/2 ε5/2ε6/2 ε2 ε4/2
ε5/2 ε4/2 ε3
 . (2)
For the 2D layered case, we assume that the crystal
plane lies in the xy plane and the strain matrix is sim-
plifies as
ε =
 ε1 ε6/2 0ε6/2 ε2 0
0 0 0
 . (3)
Then the deformation matrix applied to the crystal
unit cell matrix is
D = I + ε, (4)
where I is the 3 × 3 unit matrix. The crystal lattice
vector with deformation is
A′ = A ·D (5)
whereA is the crystal lattice vector without deformation.
For various crystal systems, there are different numbers
of second order elastic constants (SOECs) reduced from
the full 21 (3D) or 6 (2D) elastic constants thanks to
their lattice symmetries. The numbers of the SOECs for
different lattice symmetries are listed in Table I.
TABLE I. The numbers of the SOECs of different symmetries
for 3D and 2D lattices. SGN means the space group number
of crystal structures. Dim. is abbreviated for dimensional.
Dim. Crystal system SGN Number Prototype
3D Cubic 195–230 3 C, Al, CsCl
Hexagonal 168–194 5 Os, Ti, TiB2
Rhombohedral I 149-167 6 Al2O3
Rhombohedral II 143-148 7 CaMg(CO3)2
Tetragonal I 89-142 6 MgF2
Tetragonal II 75-88 7 CaMoO4
Orthorhombic 16-74 9 TiSi2
Monoclinic 3-15 13 ZrO2
Triclinic 1-2 21 ReS2
2D Hexagonal - 2 Graphene, MoS2
Square - 3 FeSe
Rectangular - 4 Phosphorene, AuSe
Oblique - 6 -
B. Optimization of strain matrix sets
Yu et al. proposed the ULICS to couple all the
stress components together, making it possible to extract
the complete set of elastic constants simultaneously18.
While, after full tests we found that the deformations
applied to the crystal lattice vectors using the ULICS
sets largely lower the symmetries of crystals and in con-
sequence greatly increase the computational cost, espe-
cially for the DFT method, as will be shown in Section
III. In order to optimize the strain matrix sets and fi-
nally lower the computational cost by keeping higher
symmetries of crystal to the most extent, we here in-
troduce the optimized high efficiency strain-matrix sets
(OHESS). The OHESS uses the least number of strain
matrix sets to solve the corresponding elastic constants
numerically. As the tests shown in Section III, the cal-
culation efficiency is largely improved compared to the
ULICS.
As for the details of the ULICS, the readers are re-
ferred to Ref.18. The detailed OHESS of different lat-
tice systems belonging to both 3D and 2D lattice sys-
tems are listed in Table II. Certain elastic constants can
be deduced from the corresponding certain strain sets.
For comparison, we also employed the all single-element
strain-matrix sets (ASESS) to test the accuracy and effi-
ciency of elastic constant computations. Contrary to the
ULICS, the ASESS largely decouple the stress compo-
nents in calculations. The full ASESS and corresponding
derived elastic constants are listed in Table III. Table IV
compares the numbers of strain matrix sets used for the
ASESS, the OHESS and the ULICS. The numbers of the
OHESS are almost identical to those of the ULICS, ex-
cept for the monoclinic structure, i.e., the OHESS use
less number of strain matrix sets than the ULICS.
3TABLE II. The full OHESS of different lattice system belonging to 3D and 2D crystals. Different elastic constants can be
derived from different strain matrices. Dim. is abbreviated for dimensional.
Dim. Lattice system Number of matrix 1 2 3 4 5 6 Derived Cij
3D Cubic 1 δ 0 0 δ 0 0 C11, C12, C44
Hexagonal 2 δ 0 0 0 0 0 C11, C12, C13
0 0 δ δ 0 0 C33, C44
Rhombohedral I 2 δ 0 0 0 0 0 C11, C12, C13, C14
0 0 δ δ 0 0 C33, C44
Rhombohedral II 2 δ 0 0 0 0 0 C11, C12, C13, C14, C15
0 0 δ δ 0 0 C33, C44
Tetragonal I 2 δ 0 0 0 0 0 C11, C12, C13
0 0 δ δ 0 0 C33, C44
Tetragonal II 2 δ 0 0 0 0 0 C11, C12, C13, C16
0 0 δ δ 0 0 C33, C44
Orthorhombic 3 δ 0 0 0 0 0 C11, C12, C13
0 δ 0 0 0 0 C22, C23
0 0 δ δ δ δ C33, C44, C55, C66
Monoclinic 4 δ 0 0 0 0 0 C11, C12, C13, C16
0 δ 0 0 0 0 C22, C23, C26
0 0 δ δ 0 0 C33, C36, C44, C45
0 0 0 0 δ δ C55, C66
Triclinic 6 δ 0 0 0 0 0 C11, C12, C13, C14, C15, C16
0 δ 0 0 0 0 C22, C23, C24, C25, C26
0 0 δ 0 0 0 C33, C34, C35, C36
0 0 0 δ 0 0 C44, C45, C46
0 0 0 0 δ 0 C55, C56
0 0 0 0 0 δ C66
2D Hexagonal 1 δ 0 0 0 0 δ C11, C12
Square 1 δ 0 0 0 0 δ C11, C12, C66
Rectangular 2 δ 0 0 0 0 δ C11, C12, C66
0 δ 0 0 0 0 C22
Oblique 3 δ 0 0 0 0 0 C11, C12, C16
0 δ 0 0 0 0 C22, C26
0 0 0 0 0 δ C33
TABLE III. The full ASESS of different lattice system belong-
ing to 3D and 2D crystals. Different elastic constants can be
derived from different strain matrices. NM means the number
of matrices.
System NM 1 2 3 4 5 6 Derived Cij
Any 3D 6 δ 0 0 0 0 0 C11, C12, C13, C14, C15, C16
0 δ 0 0 0 0 C22, C23, C24, C25, C26
0 0 δ 0 0 0 C33, C34, C35, C36
0 0 0 δ 0 0 C44, C45, C46
0 0 0 0 δ 0 C55, C56
0 0 0 0 0 δ C66
Any 2D 3 δ 0 0 0 0 0 C11, C12, C16
0 δ 0 0 0 0 C22, C26
0 0 0 0 0 δ C66
C. The calculation details of stress tensors
Before the calculations of elastic constants, each crys-
tal structure was first fully optimized at ambient pres-
sure. Then after atomic positions were fully relaxed
when the crystal lattice is under specific deformations ap-
plied according to OHESS, ASESS, or ULICS, the stress
TABLE IV. Comparison of the numbers of strain matrix sets
used for ASESS, OHESS and ULICS. Dim. is abbreviated for
dimensional.
Dim. Lattice system ASESS OHESS ULICS
3D Cubic 6 1 1
Hexagonal 6 2 2
Rhombohedral 6 2 2
Tetragonal 6 2 2
Orthorhombic 6 3 3
Monoclinic 6 4 5
Triclinic 6 6 6
2D Hexagonal 3 1 1
Square 3 1 1
Rectangular 3 2 2
Oblique 3 3 3
components were calculated accurately. The relaxations
guarantee forces acting on each atom to be less than 0.001
eV/A˚. All the structural optimization and stress compu-
tations in this work are performed using the projector
augmented wave (PAW) method25 as implemented in the
Vienna ab initio simulation package (VASP)26,27. In all
4calculations, we employ the Perdew, Becke and Ernzer-
hof (PBE)28 generalized gradient approximation (GGA)
for the exchange-correlation functional. The energy cut-
off values for all materials were set to ensure energy to
be converged to 10−6 eV. For all three kinds of strain
matrix sets, the OHESS, ULICS, and ASESS, we used
exactly the same parameters for elastic constants calcu-
lations. To derive elastic constants, the values −0.06,
−0.03, 0.0, 0.03, and 0.06 of δ in these strain matrix
sets were adopted for the first order polynomial fitting
according to Eq.1. Accordingly, these values were also
taken in the ULICS as the largest strain value for com-
parison. It is noted that such small δ in the magnitude of
10−3 proposed by Yu et al.18 are not applicable in some
cases because of numerical noises.
III. RESULTS AND DISCUSSIONS
Utilizing the three kinds of strain sets, the OHESS, the
ASESS, and the ULICS, we fully optimized the prototype
materials listed in Table I and calculated their elastic
constants with VASP. The prototype materials belong to
different crystal systems in either 3D or 2D. Just like
the comparisons shown in the following subsection III A,
the OHESS, the ASESS, and the ULICS have almost
the same accuracy in calculating the elastic constants of
the listed prototype materials. However, the OHESS has
overall the highest efficiency compared with the ASESS
and ULICS, as shown in subsection III B. In the following
two subsections, we will intensively compare the accuracy
and efficiency of the three strain sets in both 3D and 2D.
A. Accuracy comparison of elastic constants from
different strain sets
We calculated the elastic constants of the prototype
materials listed in Table I using the OHESS, the ULICS,
and the ASESS, and made a detailed comparison of their
accuracy for different crystal systems. As shown in Ta-
ble I, the 3D prototype materials are mainly divided into
the cubic, the hexagonal, the rhombohedral, the tetrag-
onal, the orthorhombic, the monoclinic, and the triclinic
system. The prototype materials cover the range of the
ionic crystals, covalent crystals, and metals. The tests
and comparisons were also extended to 2D materials.
1. Three dimensional materials
We first tested the computation accuracy of the three
kinds of strain sets in calculating the elastic constants for
3D crystals ranging from high-symmetry systems (the cu-
bic) to the low-symmetry systems (the monoclinic). For
the cubic system, we took the diamond, Al, and CsCl as
examples and the calculated elastic constants are listed
in Table.V, in comparison with the materials project
(MP)19 data and experimental data. The tested crystal
types covered the covalent, metallic, and ionic crystals.
It is seen that the elastic constants from the three kinds
of strain sets are all in good agreement with the cor-
responding MP data19 and experimental values19,29,30.
The comparison for Al is also illustrated in Fig.1. It
is noted that the OHESS results have almost the same
computation accuracy with the ULICS and ASESS.
TABLE V. The elastic constants calculated by the OHESS,
ULICS and ASESS for the cubic prototype systems, in com-
parison with MP values and experimental data.
System Method C11 C12 C44
Diamond OHESS 1055.0 136.6 567.8
ULICS 1063.4 145.0 582.1
ASESS 1054.2 131.3 566.3
MP19 1054 126 562
Exp.29 1077.0 124.6 577.0
Al OHESS 115.3 62.1 36.6
ULICS 104.6 70.0 34.2
ASESS 114.1 62.1 31.6
MP19 104 73 32
Exp.31 108.0 62.0 28.3
CsCl OHESS 33.4 5.9 5.5
ULICS 33.4 6.7 6.4
ASESS 33.0 5.5 5.0
MP19 34 6 5
Exp.30 36.4 8.8 8.0
TABLE VI. The calculated elastic constants of the hexagonal
systems together with the MP data and experimental values.
System Method C11 C12 C13 C33 C44
Os OHESS 768.8 238.9 231.4 858.4 265.4
ULICS 747.9 243.3 238.2 855.4 258.8
ASESS 768.8 241.3 225.2 850.1 256.7
MP19 730 226 220 824 252
Exp.32 763.3 227.9 218.0 843.2 269.3
Ti OHESS 172.8 92.3 84.4 189.4 38.2
ULICS 173.2 91.5 84.9 185.0 38.5
ASESS 172.8 91.9 84.5 191.8 39.4
MP19 177 83 76 191 42
Exp.33 160 90 66 181 46
TiB2 OHESS 660.8 77.7 120.1 473.6 267.3
ULICS 658.4 80.5 125.1 474.9 264.5
ASESS 660.8 77.1 116.9 470.1 261.4
MP19 642 75 106 443 258
Exp.34 660 48 93 432 260
For the hexagonal systems, we calculated the elastic
constants of hcp Os, Ti and TiB2 using the three kinds
of strain sets, OHESS, ASESS, and ULICS. The results
are shown in Table VI., in which the MP data19 and the
experimental data32–34 are also listed. Good agreement
is also found for the hexagonal systems between our cal-
culated elastic constants and the MP data and the cor-
responding experiments. The comparison for Os is also
illustrated in Fig.1. The results indicate the three kinds
5of strain sets produce almost the same accuracy of the
elastic constant of the hexagonal systems, compared with
experimental data32–34.
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FIG. 1. Comparison of the elastic constants from OHESS,
ASESS and ULICS with experiments
We listed the calculated elastic constants of the rhom-
bohedral and tetragonal systems in Table VII. For the
trigonal system, Al2O3 and CaMg(CO3)2 belong to
rhombohedral I and II as listed in Table I, respectively.
MgF2 and CaMoO4 fall into the tetragonal I and II crys-
tal systems, respectively. The obtained elastic constants
of the two crystal systems using OHESS and ULICS and
ASESS are in good agreement with the corresponding
MP data19 and experimental values33,35–37. The negative
values of some elastic constant are resulted from the ‘-’
Cartesian coordinate system defined in Ref.21. The abso-
lute values of the calculated negative elastic constants are
also in agreement with those of the MP data and exper-
imental values. The accuracy comparison of the elastic
constants for MgF2, CaMoO4 and CaMg(CO3)2 are also
shown in Fig. 1. The OHESS strain sets produced almost
the same results compared with ULICS and ASESS.
The test examples for the orthorhombic and mono-
clinic crystal systems are TiSi2 and ZrO2 respectively.
The calculated elastic constants are shown in Table VIII.
The agreement of calculated elastic constants for or-
thorhombic TiSi2 with the MP data and experimental
values is reasonably good, while the agreement for mon-
oclinic ZrO2 is not. The worse agreement for ZrO2 proba-
bly can be attributed to the low accuracy of the stresses
calculated by VASP in such a low symmetry of mono-
clinic structure.
We take the triclinic ReS2 as the lowest-symmetry
3D case for comparing the computation accuracy of the
OHESS, ULICS, and ASESS. The calculated elastic con-
stants of ReS2 are presented in Table IX. We note that
for the triclinic crystal system the OHESS is the same
with ASESS and they have the same six strain matrices,
as shown in Table II and III. Therefore, just as shown
in Table IX the calculated elastic constants are exactly
the same values for OHESS and ASESS. For the detailed
comparison, we find that all the elastic constants from the
ULICS are in good accordance with those from OHESS
and ASESS correspondingly.
2. Two-dimensional layered materials
We have also tested the accuracy of the elastic con-
stant calculations for 2D crystals using the three strain
sets, OHESS, ULICS and ASESS. Our calculated results
and others’ theoretical values are compared in Table X.
Once again, we found a good agreement of our calculated
results with others’ calculations20,40. More importantly,
the OHESS results are also in good agreement with the
ULICS and ASESS results.
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FIG. 2. The ratios of the total computational time used by
ULICS (pink) and ASESS (green) to that used by OHESS for
calculating elastic constants of different crystals in 3D and
2D.
B. Computation efficiency of different strain sets
Although the OHESS has almost the same order of ac-
curacy with ULICS and ASESS in all the calculations,
we should compare the time that they used for calculat-
ing elastic constants and find the most efficient one. All
6TABLE VII. The calculated elastic constants of the (Al2O3 and CaMg(CO3)2) and tetragonal (MgF2 and CaMoO4) systems
compared with the MP data and experimental values.
System Method C11 C12 C13 C14 C15 C16 C33 C44 C66
CaMg(CO3)2 OHESS 192.4 65.7 55.4 17.2 11.3 108.3 38.6
ULICS 190.3 65.1 54.3 15.9 11.1 107.4 36.5
ASESS 192.4 65.8 54.8 17.0 -11.0 107.8 37.6
MP19 192 65 55 17 11 108 37
Exp.35 205.0 71.0 57.4 -19.5 13.7 113.0 39.8
CaMoO4 OHESS 131.5 54.1 45.7 10.7 108.9 27.0 35.9
ULICS 122.3 49.4 44.5 11.4 108.0 28.3 34.9
ASESS 131.5 54.1 46.9 10.1 112.2 30.5 37.9
MP19 133 56 47 -12 113 29 37
Exp.36 144.7 66.4 46.6 13.4 126.5 36.9 45.1
Al2O3 OHESS 448.1 154.3 111.6 19.8 454.1 131.9
ULICS 449.3 150.2 111.0 20.1 452.4 130.9
ASESS 448.1 152.3 110.4 20.3 456.6 132.3
MP19 452 150 107 20 454 132
Exp.33 497.4 164.0 112.2 -23.6 499.1 147.4
MgF2 OHESS 126.6 82.7 59.8 192.7 48.6 91.9
ULICS 133.9 85.7 60.4 191.2 50.4 90.5
ASESS 126.6 82.7 58.7 193.7 52.0 89.7
MP19 190 60 60 134 51 89
Exp.37 123.7 73.2 53.6 177.0 55.2
TABLE VIII. The calculated elastic constants for the the orthorhombic TiSi2 and monoclinic ZrO2 using OHESS, ASESS, and
ULICS, in comparison with MP data and with experiments
System Method C11 C12 C13 C15 C22 C23 C25 C33 C35 C44 C46 C55 C66
ZrO2 OHESS 285.1 141.0 85.3 41.5 308.0 122.2 -0.8 225.6 2.9 65.2 -6.2 79.7 112.2
ULICS 328.5 140.3 111.0 36.0 313.0 125.7 13.5 270.0 -5.1 55.0 0.43 72.1 104.1
ASESS 285.1 141.0 86.3 42.1 307.6 123.5 -0.5 231.6 2.7 71.3 -7.4 82.4 115.2
MP19 256 140 99 -1 357 152 3 301 -40 114 8 80 70
Exp.38 361 142 55 -21 408 196 31 258 -18 100 -23 81 126
TiSi2 OHESS 321.5 33.1 90.3 322.5 37.8 401.2 71.6 101.4 112.9
ULICS 319.1 34.2 89.4 313.9 36.6 402.5 73.1 104.3 113.5
ASESS 321.5 33.1 90.2 322.5 32.9 413.4 73.5 104.8 114.4
MP19 310 31 90 389 25 307 72 104 113
Exp.39 320.4 29.3 86.0 317.5 38.4 413.2 75.8 112.5 117.5
TABLE IX. The calculated elastic constants for the the tri-
clinic ReS2 using OHESS, ASESS, and ULICS.
System Method C11 C12 C13 C14 C15 C16 C22
ReS2 OHESS 215.5 43.2 2.7 -0.1 0.1 2.5 212.8
ULICS 215.0 44.0 4.2 -0.5 -0.6 2.3 213.7
ASESS 215.5 43.2 2.7 -0.1 0.1 2.5 212.8
C23 C24 C25 C26 C33 C34 C35
OHESS 2.5 -0.1 0.0 2.3 6.9 -0.1 0.0
ULICS 4.3 0.4 -0.3 1.9 8.0 0.2 -0.3
ASESS 2.5 -0.1 0.0 2.3 6.9 -0.1 0.0
C36 C44 C45 C46 C55 C56 C66
OHESS 0.0 1.0 -0.1 0.0 0.8 0.0 76.8
ULICS -0.4 1.1 -0.2 -0.1 0.6 0.2 77.0
ASESS 0.0 1.0 -0.1 0.0 0.8 0.0 76.8
the elastic constants calculations were performed on the
hardware platform with the two CPUs of Xeon E5-2683
(2.0 GHz and 28 cores in total). We gathered the time
data used for all the calculations of the 3D and 2D elastic
constants and listed them in Table XI. From Table XI we
note that the time used by OHESS, ULICS and ASESS
for calculating elastic constants varies significantly, al-
though they have the same level of accuracy.
In order to clearly compare the computation efficiency
of the three strain sets, we plotted the ratios of time used
by ULICS and ASESS with respective to OHESS in Fig.
2. It is clearly shown that the OHESS have overall the
highest computation efficiency among the three strain
sets used. For most of the 3D crystal systems tested, the
OHESS has more than twice the efficiency of the ULICS
or ASESS. While, except for the graphene and 2D-MoS2
the OHESS nearly has the same efficiency compared with
ULICS and ASESS. The number of strain sets in ASESS
is always 6 for 3D and 3 for 2D (see Table III), and nat-
urally the ASESS has relatively lower efficiency. While
7TABLE X. The 2D in-plane elastic constants (N/m) of various 2D materials in comparison with others’ calculations. O, U,
and A represent OHESS, ULICS, and ASESS, respectively.
C11 C12 C22 C66
Systems Our work Ref. Our work Ref. Our work Ref. Our work Ref.
Phosphorene 103.4[O] 105.240 18.0[O] 18.440 24.6[O] 26.240 21.8[O] 22.440
110.6[U ] 104.420 13.8[U ] 21.620 28.6[U ] 34.020 24.3[U ] 27.420
104.1[A] 17.4[A] 24.6[A] 22.8[A]
AuSe 34.1[O] 2.7[O] 9.3[O] 3.3[O]
34.9[U ] 2.5[U ] 9.4[U ] 3.3[U ]
34.2[A] 2.7[A] 9.3[A] 3.3[A]
Graphene 353.2[O] 358.140 63.7[O] 60.440
353.2[U ] 349.120 64.2[U ] 60.320
353.2[A] 63.9[A]
MoS2 136.9
[O] 131.440 33.1[O] 32.640
137.1[U ] 128.920 33.3[U ] 32.620
136.9[A] 33.7[A]
FeSe 58.2[O] 22.7[O] 38.1[O]
57.6[U ] 22.5[U ] 38.3[U ]
58.4[A] 22.3[A] 38.2[A]
TABLE XI. The computation time used by the three kinds of strain sets, OHESS, ULICS and ASESS. The time is in second.
Dimensional Strain sets Diamond Al CsCl Os Ti TiSi2
3D OHESS 222 392 196 555 218 2317
ULICS 452 1483 701 1225 773 4993
ASESS 956 2556 946 1605 640 2811
MgF2 Al2O3 CaMg(CO3)2 ZrO2 TiB2 CaMoO4
OHESS 3580 7074 22200 27474 401 17207
ULICS 6720 14958 32385 48593 1196 21955
ASESS 4687 22260 67936 25703 1165 36681
2D ReS2 2D-FeSe Graphene Phosphorene 2D-MoS2 2D-AuSe
OHESS 59701 3898 404 5396 2298 17860
ULICS 80100 3662 749 7858 2278 21916
ASESS 59701 4847 1580 6545 6311 18974
the OHESS and ULICS have nearly the same number of
strain sets except for the monoclinic crystal system and
they have exactly the same number of strain sets except
for the triclinic crystal system (see Table IV). The reason
for the low efficiency of the ULICS is in that it lowers the
symmetry of crystal by using the coupled strain sets and
then lengthens the time for calculating the stresses by
VASP.
C. Discussions
We systematically tested and compared the accuracy
and computation efficiency of elastic constants using the
three kinds of strain matrix sets, the OHESS, the ULICS,
and the ASESS for both 3D and 2D systems. For the
3D systems, the test cases cover the seven crystal sys-
tems ranging from the cubic to the triclinic systems. The
2D tests include the square, hexagonal, and rectangular
systems except the oblique system. Although the three
kinds of strain sets have the same level of accuracy in
calculating elastic constants, the OHESS has the highest
computation efficiency. This is especially apparent for
the crystal systems with higher symmetry, such as cu-
bic and hexagonal (Diamond, Al, CsCl, Os, Ti, TiB2
as shown in Fig.2). While, the advantage of OHESS
decreases relative to ULICS and ASESS with the de-
crease of the symmetry of crystal system. This can be
attributed to two facts: the first is that the the test
cases have originally lower symmetries before applying
the OHESS or the ULICS strain sets, and then differ not
so much as higher symmetry crystal systems after apply-
ing the two strain sets. The second one is that the num-
ber of strain sets used in the OHESS approach to that of
ASESS. Hence, the efficiency advantage of OHESS have
slightly decrease with respective to ULICS and ASESS.
As for the 2D case, the OHESS has smaller advantages
over the ULICS in computation efficiency. This is mainly
because of the low symmetry of original 2D lattice. And
the OHESS keeps almost the same symmetry with the
ULICS after applying stains to crystal lattice. But the
OHESS is much more efficient than ASESS in some cases,
8for instance the the graphene and the 2D MoS2, resulted
from the small number of strain sets in the OHESS.
IV. CONCLUSIONS
In summary, we proposed the optimized high efficiency
strain-matrix sets (OHESS) to calculate the elastic con-
stants according to the stress-strain relation originally
defined in Hooke’s law. After extensive test and compar-
ison of the OHESS with the ULICS and ASESS in the
computation accuracy and efficiency, we conclude that
the OHESS is the most efficient one to calculate elastic
in both the 3D and 2D cases at the same level of com-
putational accuracy. Therefore, the OHESS will greatly
improve the computational efficiency of elastic constants
using the stress-strain in future. This is very helpful
for the quick examination of the stability of new crys-
tal structures in the new materials design, especially in
constructing the elastic constant database like MP elastic
database19.
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